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Abstract 

Gromov has shown how to construct holomorphic maps of the plane to a complex manifold with prescribed 
values on a lattice. In the present paper, a similar interpolation theorem for pseudo-holomorphic maps from 
the cylinder S to an almost-complex manifold (M,J) is proved. Properties of the space of pseudo-holomorphic 
maps from S to (M,J) are derived, in particular a lower bound for the size of this space (in terms of mean 
dimension). When M is a moduli space of curves, this gives a construction of non-compact complex surfaces. 
The methods involve an infinite number of surgeries. On the way, a refinement of the gluing process for two 
pseudo-holomorphic curves is obtained, establishing the geometric behavior of two glued pseudo-holomorphic 
curves. 

1 Introduction 

The motivation for the present article is to construct a huge family of complex surfaces (and measure it). A 
convenient way to do so would be to realize them as fibrations, and consequently look for holomorphics maps 
from a non-compact Riemannian surface to the (compactified) space of genus g curves M g . The theorem of 
Gromov unfortunately does not cover this case, nor do essentially linear methods. 

We are thus lead to look at different methods, namely, those of gluing. The interpolation will be for maps 
from the cylinder S = C/Z to an almost-complex manifold (M,J) given that there are pseudo-holomorphic curves 
CP 1 — > M which intersect in a cyclical fashion, that J is regular (in the sense of definition 13. 6t , and that there is 
a broader family of pseudo-holomorphic curves covering a neighborhood of one of the curves in the cycle (see 
section [4~T| in the setting of complex algebraic varieties this is called "free" curve). Some consequences of this 
result will then be explored, namely that the maps obtained actually form a very rich family of (unparametrized) 
cylinders. 

The interpolation theorem requiring some technical preliminaries for a precise statement, we will only give the 
following rough result; see l4.1l for all the details. 

Theorem 1.1. Suppose (M,J) is an almost complex manifold and that J is regular (in the sense of definition 
13.61 ) of class C 2 . Suppose there is a sequence of J -holomorphic curves u k : CP 1 — » M where k = 1,2,. ..N that 
intersect each other cyclically. Suppose further that u l belongs to a family of pseudo-holomorphic curves covering 
a neighborhood of u (z*) for some z* G CP 1 (see section \4~T\ . Then there is a family of pseudo-holomorphic map 
v : S —> M such that v is close to this cyclic sequence of curves and the values ofv on some lattice zo + iNTL C S = 
C/Z can be prescribed to be any point in U. 

Furthermore, if M is of (real) dimension greater than A, that the u k do not intersect tangentially and do not 
possess other intersections then v (v(z)) is contained in some neighborhood ofz + iNZ, 
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Let us return to the introductory topic. Among the numerous references concerning uniruled varieties, the 
reader can look at J3] Chapter 4]. The conditions on the maps in this theorem can be reinterpreted (when M is a 
complex algebraic variety) as the existence of a cycle of curves, one of which should be free (see [2 1 Definition 
4.5]; this is equivalent to M being uniruled [2, Definition 4.2 and Corollary 4.11]). Furthermore, the regularity 
of J, which is required for the invertibility of the linearization of dj at the curves u k , is satisfied when there is a 
"very free" curve. It is known that moduli spaces of curves of genus g are unirational when g < 14 and rationally 
connected (equivalent to the existence of a "very free" curve; see [2 1 Definition 4.3 and Corollary 4. 17]) for g < 15. 
They are also uniruled for g < 16. Thus above result applies at least when g < 15, but not in genus g > 24 as the 
space is then of generic type (see [4| for a survey on the topic, and [1 1 for results concerning curves with marked 
points). 

The rigidity result (proposition |4.4t and the estimate on mean dimension (proposition ^-. 7t will now be used to 
get some properties of the space of complex surface resulting from theorem [TTTl Suppose p : V — > S is a complex 
surface fibered over the cylinder obtained by applying theorem fTTI to M g . Let E be a compact curve and j : E — > V 
a holomorphic map. Then p o j(E) is a analytic compact connected set, i.e. a point. If E is smooth of the same 
genus as a generic fiber then y'(E) is a fiber or j is constant. Consequently, if / : V — > V' is a holomorphic map, 
then p' of is constant on the fibers. It factorizes as a holomorphic map h : S — > S- Let k and k' : S — > M g be 
the classifying maps (with values in the compactified moduli space of genus g curves). If dim/(V) > 1, then on 
kT x {M g) (the generic fibers) ko h = k' , and by continuity this also hold on the singular fibers. By proposition l4.4l 
g must be an isomorphism. Thus V and V' are isomorphic and the fibrations equivalent. 

Corollary 1.2. Let g < 15. The spaces of (noncompact) complex surfaces given by fib ration of genus g curves 
over the cylinder ( with one marked point) obtained by applying theorem \l.l\ has positive mean dimension, and two 
such surfaces are (holomorphically) isomorphic only if they differ by an automorphism of the cylinder. 

The interpolation result is achieved by gluing the cyclic sequence of curves together while satisfying the ad- 
ditional constraint given by the values we want to be prescribed. The proof will consists in constructing an ap- 
proximate solution (that is a map that is almost pseudo-holomorphic and passes by the prescribed points) and then 
deforming it (using an implicit function theorem) to a truly pseudo-holomorphic map. Note that the last point of 
the theorem is not trivial as the implicit function theorem will blur things. Thus one has to make sure that close to 
the points where gluing occurs some injectivity is retained. 

Section [2] will describe how to alter the construction described in [9|. Given two pseudo-holomorphic curves, 
it is known (under proper assumptions on J) that there exists a family of pseudo-holomorphic curves that can be 
obtained by gluing them. However the behavior of these curves is vague at best. Here is the important improvement 
we make. 

Theorem 1.3. Let (M, J) be an almost- complex manifold. Let u h : E — > M, where h S {0, 1 }, be two J -holomorphic 
curves such that u h (0) = mo, \\du h \\ Lao <C, J is regular in the sense offi9\ Definition 10.1.1 ] and D u h are surjective. 
If in a local chart u h {z) = a h z+ 0(\z\ 2 ), then 3ro such that Mr < ro, 3u a J -holomorphic curve such that in a local 
chart, 

r 2 

u(z)=a°z + a l - + 0(r 1+ z) 

z 

for all z&A ^4/3 r2 /3 = {z \ r 4 ^ < \z\ < r 2 ^ } and where £ G]0, A [; ro and Co depend on C, £, a h , the second derivatives 
of u h , J {up to its second derivatives) and on the norm of the inverse to D u h. 

Theorem 11.31 says that if the vectors a and a 1 represent the tangent plane of the curves at the intersection 
in some local chart of the point where the gluing occurs, then the glued curve (of parameter r) has the roughly 
the behavior u r (z) — a°z + a l r 2 /z close to a ring of radius r. This is achieved using a more precise approximate 
solution to the glued curve. Technical difficulties arise (mainly in the inversion of the linearization of dj at the 
approximate solution), but they can be avoided by modifying the almost-complex structure. 

Theorem ll.3l is of particular interest when the a h are linearly independent over C (which requires that M be of 
real dimension at least 4). Indeed, then a strangling phenomenon can be shown to happen, see remark l2. 151 These 
conditions are not required as such in the gluing procedure, but they are essential to §14.3. H and 34.3.21 
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Section [3] will then explain how to pass from the gluing of two curves to the gluing of an infinite number of 
curves. To do so one only requires to consider an hybrid £°°(L P ) norm which will preserve the qualities we need of 
standard LP norms while reducing the problem of an infinite number of gluing to a finite one. 

Finally, section|4]will show how to simultaneously solve the pseudo-holomorphic equation dju = in addition 
to the constraints given by prescribing value at points. Interpolation enables to show that the family of maps from 
the cylinder to M is very large. This is not so surprising as the existence of a pseudo-holomorphic map CP 1 — > M 
will give rise to many maps S —> CP 1 — > M. It is important to mention that the maps are not obtained in such a 
trivial fashion. First, they are of bounded differential. Second, the different maps obtained by the interpolation 
theorem can be shown to have distinct images (see section l4.3.11 l. Also, if the maps u k do not have additional 
intersections an appropriate choice of parameters is sufficient to ensure that the map does not factor through an 
holomorphic map S — > E (see section |4.3.2| i. Lastly, as in J6] §3.3], one can show that the family of maps given by 
the interpolation theorem is of positive mean dimension (see section [4.3.31 1. 

2 Summing /-holomorphic curves 

The first aspect of the theorem we shall prove is the good control of the behavior of the resulting cylinders around 
the gluing points. But before we move to an infinite number of gluing, we shall at first do so with only two. This 
is a refinement of the theorem described by McDuff-Salamon in [9 1 on the possibility of gluing two curves, i.e. to 
find a family of curves whose images are close to the union of the images of two curves meeting at mo- In short, it 
allows us to show that, given two /-holomorphic curves u° and u l that intersect but are not tangent at a point mo 
there exists a family of curves whose image are close to the union of the images of u° and a 1 , and whose strangling 
close to mo are different. 

This section describes how to modify this gluing so as to obtain that (in local charts near mo and £ CP 1 ) 
in a ring of radius r (around £ CP 1 ) a local expansion would be of the form: a°z + a 1 y + <9(r 1+e ), where a 
and a 1 are the tangents to the curves at mo, and e g]0, 1 /3[. When a and a 1 are linearly independent over C, this 
information will be used later in section|4]to insure that the intersection of a ball of radius 0(r l+£ ) with the image 
of the map gives only discs when non-empty. The method is very close to that of [9 § 10], which itself parallels [3 
§7.2]. 

Throughout this section £ will denote a Riemann surface (our interest is restricted to CP 1 ) and (M,J) will be 
an almost complex manifold of real dimension at least 4. The almost complex structure / will be assumed regular 
in the sense of ]9] Definition 10.1.1] for the two curves considered and of class at least C 2 . In particular, elliptic 
regularity insures that /-holomorphic maps will be at least C 2 . 

2.1 Definitions and description of the gluing map 

As we are concerned with local expansions, let us look at the local behavior of a /-holomorphic map. Let a £ R 2 " 
and z £ C, the product az means za = (x + iy)a — xa + yJoa, where Jo := ( J "„ ) . Note that the local charts will be 
chosen so that at S R 2 " the almost-complex structure induced by / (which will still be denoted by /) will be the 
usual complex structure, i.e. /(0) = Jo. Another convention is that the evaluation of / at a point m will be written 
/,„; note that the confusion that could arise between the usual structure and the evaluation of / at zero in a map is 
not to be worried about as, by choice of local charts, they will be equal. We start by this well-known lemma (e.g. 
ifTol Proposition 3] where the proof is done under the weaker assumption that / is Lipschitz). 

Lemma 2.1. Let J be an almost complex structure on R 2 " such that /(0) = Jo '■= (\ q)- Let u : C — > R 2 " be a 
J -holomorphic curve such that «(0) = 0. Then 3a £ R 2 " such that u(z) — az + <9(|z| 2 ), for \z\ small enough. 

Proof. The notation (5/„/)(z) = d/(z) +J g h) °d/(z) ° j will be used to insist on the point at which / is evaluated. 
The first step is to remark that 

djg = dj"8 + (Jg -J'gVg (3/ -5/)*, ( 1 ) 

for any two complex structures/' and/", and where dj = cLy. On the other hand, write a(z) = £j /Z^z'flju + Cdzl 3 ), 
where k,l £ {0, 1,2} 2 \ {0} 2 , akj £ R 2 " and (s + it)a = as + (Joa)t. It appears, by choosing /' = /" = Jo in (HJ or 
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by looking directly at the expression in local coordinates, that dju = if and only if 




Yfikjl&^ + OQzf) + [J u -Jo)Jo [ YpkM~^ ~a u lz k z'- 1 +0(\z\ 2 ) ] = 0. (2) 

k,l 

Furthermore, the coefficients (ci , C2) of the matrix of J can be expanded: 

(J?) Cl , C2 = (J Q ) Cl , 2 +Zb ciC2l (xf + 0(\x\ 3 ), 

k 

where k 6 {0, 1,2} 2 " \ {0} 2 ". consequently, there is only one term of order in (0: ao,\. If u is 7-holomorphic, 
it's local expansion must be of the form u(z) — fli,oZ + 0(\z\ 2 )- □ 



Before we proceed to the proof of theorem [L3l let us note that the assumptions are more restrictive than in the 
gluing procedure of [9 §10] where curves whose differential at mo is can be glued. For the remainder of this 
section, we shall assume that a and a 1 are linearly independent (over C; whence the condition dim^M > 4). This 
assumption is actually not crucial to realize the gluing (though it makes things slightly simpler, see lemma |27T3b . 
but is required in order to show that the strangling of the different curves is different (see remark l2~T5l ) and that the 
resulting curve does not actually pass by mo. 

The behavior of the "summed" curve is however more precise. Indeed in 121 §10] the curve obtained by gluing 
is a perturbation of a curve which is constant in a ring; this leads to a curve whose behavior in the given ring 
is u(z) = 0(r). The price to pay to obtain a more precise behavior is that the approximate solution is no longer 
constant in a ring. When the approximate solution is constant in a ring A, the almost-complex structure J is also 
constant for z € A. Section [2~4l describes how to modify the structure J so as to make it constant near the point of 
intersection, thus allowing to avoid the difficulty that arises. 

The main ingredient in the proof remains the implicit function theorem of [9 §3.5]; recall that 

s p := sup Mr. (3) 
o^/gc~(e) 117 II w 1 * 

is the constant of the Sobolev embedding W 1,p (E,K) L°°(E,R), which is finite for p > dimE = 2 in our case 
(cf I5\ §6.7]). 

Proposition 2.2. (see [9, Theorem 3.5.2]) Let E be a complex manifold of dimension 1, let p > 2. Vco, 38 > 
such that for all volume forms dvofe on E, all u £ W l ' p (I.,M), all ^0 € W ! ' P (E, u*TM), and all Q u : L P (L,A > 1 (g>y 
m*TM) -)■ W Up {Y.,u*TM) satisfying 

s p (dvoh) < c , \\M\lp ^ c o, H^oIUlp < |) 

||a 7 (exp„(^o))|| L; , < ^, d u q u = n, ne„|| < co, 

there exists an unique ^ such that 

3j(exp H (^o + ^)) = 0, ||^ + ^o|| w i,p <S, ||y w i*<2co||&(«p B fo))L. 

The proof of this theorem is a consequence of the implicit function theorem (cf. |9] Proposition A. 3.4]), and 
we refer to |9, §3.5] for the proof. A bound on the second derivative of T u (cf. [9, §A.3]) is required for it to hold. 

We start by constructing a family of curves u r whose local expansion is as required, which satisfy the conditions 
of the above theorem (^0 will be = 0) and whose dj is of the order of (9(r 1+e ). Then, the t, obtained (the perturbation 
of u r needed to obtain a true solution) will be bounded in L°° (since it is bounded in W l p ) by 0(r 1+E ). 

Before we describe these maps u r , we have to define cutoff functions which will be very useful. They will be 
denoted by p. The definition will not vary much, and, much like the following lemmas, is well-established; see Q 
orj9). 
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Definition 2.3. Let pg E : IR 2 — > K be the function defined by: 



foAz) = 



1 

lne In |z| 
lne - InS 



if \z\ 
if 5< |z| 



<5 

< e 



if £< \z\ 

This cutoff function has many useful properties, as can be seen in the following two lemmas: 

Lemma 2.4. / |vp Se | 2 = 

Jr 2 



2k 
ln(e/8)- 



In particular, this first lemma shows that this family contains a limit case of the Sobolev embedding. Indeed, 
for fixed e and if 5 — ^ 0, the function obtained is in W 1 ' 2 , but not in L°°. The second lemma is also true when p < 2 
without even needing to assume that i;(0) = 0. 

Lemma 2.5. Let p be as in defaiition \2.3\ let i; S W 1 ' P (B E ) where p > 2 be such that ^(0) = 0, then 3sh such that: 



II(VPKI 



< 



{2k) 1 ' p 



InCe/S) 1 



To find a 7-holomorphic curve with the desired local behavior, an intuitive idea would be to add up the local 
expansions of two curves, namely u°(z) and u 1 (r 2 /z), when \z\ is close to r and to get back to either map outside 
and inside the ring. Addition does not exist in manifolds, thus it is necessary to choose local charts in order to 
achieve this. In the resulting formula, maps should be seen as functions from (an open set of) C to (an open set of) 
M. 2n . The family of maps u r will be defined as follows: 



u r {z) 



At) 

P(£)„o (z)+I| i(d) 

«°( Z ) 

p(*y(£) 

A*) 



if 




\z\ 


<r 2-y 


if 


r 2 -y< 


\z\ 


<r 2-a 


if 


r 2-a < 


\z\ 


<r a 


if 


r a < 


\z\ 




if 


r v< 


\z\ 





(4) 



where < y < a < 1, and the cutoff function is p = P r «,,-Y (see definition ^. 31 l. 



2.2 Metrics and estimates 

Before we can estimate the norms of du 1 and of dju r (in L p ), we need to specify the metric on the domain E. When 
\z\ > r the curve defined by u r will be close to u°, and when |z| < r, u r (r 2 /z) resembles u l (z). These two subsets 
of the domain will play a similar role; it is natural to give them equal weights (at the domain). Intuitively, this also 
avoids the norm of the differential becoming large by giving to regions whose energy is of the same magnitude 
equal weights in the domain. This metric will be the usual (Fubini-Study) metric when |z| > r, and the one induced 

2 

by z n> when \z\ < r (see if necessary figure in the version available on the author's website). More precisely, 
the metric will be g r := (0 r )~ 2 (ds 2 + df 2 ), where 



r 2 + \z\ /r 2 si |z| <r 
l + \z\ 2 si z >r 



It might seem necessary to work with norms that take into account the two distinct regions, but since the 
situation is symmetric, estimates valid on a region will hold on the other. A more precise discussion can be found 
in |9l §10.3]. We will only note that the volume remains bounded Vol{L) < 2k. The next lemma, taken from [9, 
§10.3] says that Sobolev constant behaves similarly. 

Lemma 2.6. The constant s p (cf. for the metric g r remains bounded independently of r. 

It is now possible to evaluate the LP norms of dw r and dju r in order to satisfy the assumptions of proposition 
Our starting point is to bound the norm of powers of z: 
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Lemma 2.7. Let r > 0, /,/' > 1, < 8 < e< 1, and \ 



denote the LP norm restricted to the ring r s 



{z|r e < \z\ < r s }. Then 



~ ^ 2+lp J r ^£&P,l r 

_ ( 2K(l-A-WP-2>) \ 1 tP J+ef-f+2/pl /+ £ H + 2/ P ) 
~~ V 'P~ 2 / z$,P,l 



where K £ § p j and ^ ( are f/ie limits as r — > of the terms before the powers of r. 
Proof. It is a direct calculation, valid for / ^ — 2/p: 



J\\p 



p^ +1 dpd9 



:27t 



2+?/> 



2 + //7 

27l(l-r( £ - 5 )P+'rt) ^ K(/p+2) 
2+/p ! ' 



A simple manipulation of this equality gives the second estimation. 



□ 



Lemma 2.8. Let r\ be such that |ln(r" y )\ 1 < 1, then 



Vr<r u \\du r \\ u , < lick 



du l 



-c\r 



2/p 



where ci = ^K' alp2 r 2 ^-^ +2K[ ap2 )C and C > max(||dw°|| LOO , \\du l || L «,). 
Proof. In the region r < |z| < r a this is a simple assertion: 



\LP(A rr a 



< du' 



01 



W{A r M.) 



l dMl |lcO<ll d "°llL P (A„a)+ C ^,a,P,2'- 



2/p 



Whereas when r 1 < \z\, it is trivial since du r — du°. On A r a r y, a choice of a local chart and a local expansion 



r 2 • 



for m 1 is needed: if r is small, then ^ is also small in the given region, r 1 a > 



> r 2 Indeed, 



Id/ 



< du 



01 



d(p(| z |K( 7 ) 



and since \u (z) \ < C \z\, the second term can be written as 



d(P(zK(T)) 



L' 1 



< 



< 



z|lnr a -T 
* LP 



LP 

lln^-Tf 1 



dM 1 



LP 



,- 2 



LP 



As the terms appearing are of the form ^, and using lemma [2/71 

d(P(z) M ! (-)) < CKi rp2 (l + |lnr a -^ 1 )r (1_a)(2 " 2/p) '- 2/ ''- 

V z J If 

The contribution of the region r a < \z\ < r 1 to ||dM r || LP tends to zero as r — >• faster than r 2//p . The final result 
follows from the symmetry which yields the same conclusion on the region where \z\ < r. □ 
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Our goal being to give a local expansion at order 1, we have to show that the LP norm of dju r (which bounds 
the W l p norm and consequently the L°° norm of the perturbation necessary to obtain a true solution) is <9(r 1+E ) 
when z is of norm close to r. 

Lemma 2.9. Take 2 < p < 4. Let a e] -p^, > Tp^l I t ^ len there exists positive numbers e < min(oc(l + 2/p) — 1, 1 — 
a(2 — 2/p)), r2 and C2 (both depend on the second derivatives ofu° and u l , and on the product of the derivatives 
of J with C) such that, Mr < r2, \\dju r \\LP < C2r 1+E . 

Proof. Since the situation is symmetric, we will only be concerned with the part where r < \z\- We split this region 
again, as the definition u r varies. 



\\M%, ({m>r}) - \\dju% P{Ari . a) 



-\\djW" p 



The region where \z\ > r 1 does not contribute in the equality above since u r = u° is 7-holomorphic. For the other 
domains, J w will be seen as a matrix valued map using a local chart. Again, the notation (dj g f)(z) — d/(z) +J g h) ° 
d/(z) o j will be used to emphasize the point at which J is evaluated. With this understood, 



djW 



\LP(A ra/l ) 



d Jur ^ r -^) + (k r -k y r , 
\,^{zy( r T)) + (Jur-j lfi )^oj 

2 



< 



d(P(zy(~)) 



^(V,rY) 



/. 



.He 1 il^ ! 



The bounds obtained in lemma l2~8l and the norms computed in lemma |Z71 yield the following upper bound: 

llVHi^,,) < CK' W (1 + |lnr^|)r 2 -«( 2 - 2 /") + \\J.y C 2 K' w r 2 -< 1 - 2 ^ 

In order to factorize r 1+E when I = 1 or 2, one must have that 2 — a(l — 2//?)>1<^>oc< 7^-5 ■ This condition 
is only restrictive for I = 2. 

To evaluate the other part, we proceed as in lemma |2~TI Upon noticing that the local expansion of dju implies 



dju\ < 



IS 



and that the u h can be written as 



u h (z) =a h z + Y,z k z'a h kl + 0(\z\ 3 ) where k,l e {0, 1,2} 2 ,£ + / > 2 

k,i 

when r < \z\ < r a , the following bound (it can also be seen using (JTJ) appears 



\dju r \ < 



«?.l^ + 2<2^- fl uil- 2fl 0,2|T + O(|z| 2 )+O(^) 

+(J u r-Jo)Ma% + arA + 0(\z\) + 0(-^)) 



Thus, the factors \z\, and -f^ could endanger our goal, as an expansion of {J u r — Jo) shows. It also means that 



our bounds depend on the second derivatives of the u , or on a product of the first derivatives of J and u , The LP 



norm will be made of terms in 



\LP{A rl a) 



LP(A rr a) 



Ka, P /- 1+llP 



with /' > I > 1, as computed in lemma 12771 This raises a new condition on a: a(/ + 2/p) > 1 <^> a > 7^5- 
Consequently ||5/M r ||iP < Kr l+£ under the condition that a G] ^5 > 2^2 1' w hich is only possible if p < 4. □ 
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Remark 2.10. For any p G]2,4[, there is an optimal choice of a. Indeed, if a = I then e < i(- — 1). Taking p 
close to 2, enables £ to be close to 1 /3. Theorem \1.3\ is obtained with this choice of a. However, it is not possible 
to take p — y 2 as some constants, e.g. s p , depend on p. The choice ofyis quite secondary, e.g. one could choose 




2.3 Construction of the inverse Q u r 

In this section, we will make the somehow strong assumption that / is constant in a neighborhood of mo G M; 
the reason why such a simplification is possible is explained in 32.41 The whole gluing process is presented in its 
proper order in section [231 

Before we apply the implicit function theorem, it is required to have a bounded inverse to the linearization of dj 
at u r , D u r, The existence of inverses for Dj, combined with the observation that two maps which are close enough 
will have close linearization, will enable the construction of this inverse. First let us show that if u' is close to u in 
the sense of W ' p , then the operators D u and D u i are close. In order to identify their images, parallel transport is 
necessary. However, it does not affect significantly the following computation: 



{D^-D^Wv < \\{J u -J u ,)V^\\ L „ + {\\j u V^J u (du-du' 



i\\(Ju^Ju-Ju'^Ju'W\^ 



I LP 



< \\J\y \\u - u'Wco lively + i pu^JuWco ||dw - du' 



3 „/V 5 /.|| cl ||H-ii'|| c o||dB'||„ 

,.'ll IIPII i 1 II r Y7_ 7 II II,. ./I 



(5) 



<5p||/.|| c i \\u-u'\\ wl , p \\%\\ w l, P + 2 |K« V §-^||cO II"-" WW-P 

+\s p \\jytJ. || c , ||m-m'|| w i. p Wdu'w^ 

+ \s p \\J u VJ u \\ c o \m w i, P \\u-u'\\ w i, P 

+ I4||7V7|| cl ||^|| w ,„|| M - M '|| wl . p ||d«'|| LP 
< C3(V 2 J,du',s p ) \\t,\\ w i.,, \\u-u'\\ w \, P . 

For the curves we are concerned with, proximity in || • || w i. p will be insured as follows: d(u r — u°) is zero when 
|z| > r 1 , and it is of the order of ^ when r < \z\ < r 1 , consequently \\u r — M °||vi/ 1 P({| z |>r}) ^ s °^ tne or ^ er °f r2 ^ P - 
Thus, D u r will be close to one of the D u i, inside or outside \z\ = r. 

To be more precise, it is necessary to introduce intermediate curves, denoted by u r and u l,r . The first will be 
defined as follows 

u°(z) 

«°(z) + P(4> 1 (^) 



u°- r (z) = 



«°(z) + P(|zi)« 1 (T) 
«°(z) 



if 




\z\ 


<r 2 -y 


if 


r 2 -y< 


M 


<r 2-a 


if 


r 2- a< 


\z\ 


<r a 


if 


r a < 


\z\ 


<rV 


if 


r1< 


\z\ 





and the second in an analogous manner. Since ||M°' r — u" L 1]P — > as r — » 0, the operator D u o. r will be as close as 
required to D u o and identical to D u r when |z| > r. 

The two inverses Q u o and Q u i will be used to construct an inverse to D u < whose bound is independent of r. First 
we introduce some notations. For u : E -> M, let Wl' p = W 1,p (L,u*TM), L p u = L P (E,A 0;1 T*E®y u*TM). Given 
u°,u l : E ->• M, such that m°(0) = u l (0), denote by 



:= {(«) e <«f x W ( y^°(0) = ^(0)} 



The assumption that p > 2 is of importance, since W p sections need not be continuous if p < 2, and their 
evaluation at a point would not make sense. 

Thanks to the regularity assumption made on J, the operator 

A>,i: <o / ? -> *£>xz£ 
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is surjective {cf. [9] §10.5]). Thus, Dqj possesses an inverse which depends continuously on the pair (u ,u l ) and 
satisfies an uniform bound as (u°,u l ) varies in M*(C). This suffices for our use, but if one would like to stay 
in a case where "surjectivity" of the gluing map {cf. (9] Theorem 10.1. 2. iii]) is possible, one needs to show that 
amongst all the inverses of Do,i, the one which is orthogonal to the kernel also has bounded norm. Recall that 
surjectivity is the property that any 7-holomorphic curve which is close to union of the curves u° and u 1 is in the 
image of the gluing map. 

More precisely, if W u o,i C W $ is the (I?) orthogonal to the kernel of Do,i, then the restriction of this operator 
to W H o,i is bijective and bounded. Its inverse will be denoted 2o.~- It varies continuously with the pair (u°,u l ) and 
the bound is uniform as M * (C) is compact. To make this explicit, an identification must be made between ff^jf 
and W^'l for pairs (u°, u l ) and (v°, v 1 ) sufficiently close (we will not do it here). 

Since the maps u 0,r and u l,r are small W 1,p deformations of u° and u 1 , the space W^f may be seen as a 

limit when r — > of spaces W f r corresponding to these slightly altered maps. The operator A),i,r being a small 
perturbation of Do,i it will possess a right inverse. To prove surjectivity of the gluing map (as in (9] Theorem 
10.1.2.iii or Corollary 10.1.3], it is the inverse Qo,\, r whose image is L 2 -orthogonal to the kernel of A),i,r which 
must be chosen. A verification must be made to show that the bound on the norm of this operator is independent 
of r. This argument ([9, Lemma 10.6.1]) works without need of change in the situation in which we are (the kernel 
of D u is finite-dimensional). 

Thanks to the operator D u o,i, r , an approximate inverse T u r : lf u r — > W u r' p for D u r will be obtained. Let r| e L p u r. 
This 1-form will be cut along the circle |z| = r in two pieces (rj , rj 1 ): 

n o M _/l(z) if kl > ^ „i M _| if|z|<l/r 
^ Uj_ \0 if|z|<r ' ^^-^O if|z|>l/r • 



Since the T| are only in LP ', the discontinuity is not problematic. Now let ) = Qo,i,r(j\ ,T| ). It is worth 

3 m € T mo 7 



stressing that ^°(0) = ^(0) =: ^ m „ G T„ lQ M. Let 8 G]0, 1[. This choice is not of importance; it would suffice to 



take 8 = \ . Let 



1 if r< \z\ 



P(z) = i-P rl+V ( z ) = <! '"'^ } if ^< N <^ 

if |z| <r 1+s 

The approximate inverse is: T u rT\ = Z, 1 ', where 

TO+PC^H*)-^ 
TOH ^°W+^(^)-U if »•= | Z | (6) 

^(^)+P(z)fi°(z)-U) 
^) 

It remains to show that this is an approximate inverse as claimed, i.e. \\D u r£ l r — T[\\ip < £ ||i"|||rp for some e € [0, 1 [, 
By construction the left-hand term is zero outside r 1+8 < |z| < r 1_s . The assumption that the almost-complex 
structure is constant on that region will now be important. We restrict our attention, thanks to symmetry, to the 
piece |z| < r. By definition D,/^ 1 (-/r 2 ) =T|(-). Hence, 

d^'-ti =D lfl , r (m°-u)) 

= PD M o,,-(^-U) + ^°-U)* (7) 

= (^-U)5P, 

since D !( o. r ^° = when |z| < r. It remains to bound this norm with respect to the metric (that depends on r). There 



if 


,4-6 < 


\z\ 




if 


r < 


\z\ 


<r l-8 


if 


r = 


\z\ 




if 


,.1+5 < 


\z\ 


< r 


if 




\z\ 


<r \+h 
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will be a factor of Q r (z) p 2 in the norm of the 1 -forms, but Q r < 6 1 < 2). 

\\DA r - ii L w < 2 1 - 2 /" || d„? - n\\u-(\ z]<r) 

<2'-2/p||(^-U)3PL (W<r) 

" SH |81nr| (8) 

^Z7t i//5pC 4 |51nr |l-l/,, 
<47t "^P c 4 | 81nr |l-l/ P - 

Lemma 1231 is used to go from the 2 nd to the 3 rd line. The 4 th line is obtained from the third using that ^ mo is 
bounded by the C° norm (and thus by the W ,p norm) of and on the other hand that the W l ' p norm of ^° is 
bounded by a constant (coming from the norm of 2o,i,r) multiplied by the LP norm of r| . 

Lemma 2.11. Let u r be as defined in (|4| then Ve € [0, 1[,3c4,3r3 (which depend on ca, s p , and sh), such that 
Vr < n,3T u r such that \\D u rT u r -t\\< \ and \\T u ,-\\ < c 4 . 

Proof. The only part of the statement which was not proved in the above discussion is the one concerning the norm 
of T u r. It requires a bound on \\ w i. P as a function of ||r||| L/ ,. Only the cutoff function requires care, the bound 
being otherwise found thanks to the bound on Qo.\. r . However, ||V^ r || remains controlled exactly as in dHJ thanks 
to lemma 133] □ 



Thus the true inverse Q u r will have the same image as T u r and will be defined by: 

Q U r = T u r {D u ,-T u r)- 1 = T u r £ (11 - D u rT u rf (9) 
k=0 

It satisfies the relation: D u rQ u r = H and \\Q U '~\\ < 2c 4 , where ca, comes from lemma [2~TT| 

2.4 On the assumption that J is constant near mo 

This section consists in noting that when J is close to J', the operator D J U is close to for certain u (e.g. u°,u l 
and u r ). In order to speak of a difference between these two operators, we will see their images not as the space 
of (0, l)-forms taking value in TM (since the definition of a (0, l)-form depends on the almost-complex structure) 
but as the space of TM- valued 1 -forms. 

WDfc-DlSWu < \\\{J U -4)^11^ + 111 {J u VfJu-Wu)to\\„ 

< \ p\\\ hr ll-w^lco + \ ||d«|| c o l^llco ||/«vy„-4v4|| Lp 

< c 5 (du) m w u„ (\\Ju-Ji\y + \\JuVj„-jyj' u \\ Lp ). 

Thus, it is important to note that the dependence on the differential of u will not be a problem for the maps we 
consider. 

Lemma 2.12. 3r4(a,y) such thatMr < r§, ||dM r || c o < 2C. 

Proof. This proof works in an analogous fashion as the bound of the LP norm of du r . When r < \z\ < r a this is a 
simple thing to check: 

||dK r || c o < lld^H^ + ll^llcolldM 1 !!^ <2C. 

If r 1 < \z\, then du r = du° so the conclusion is direct. Finally on A r a r y, the computation requires a local chart 
and a local expansion for u l : if r is small, then — is also small on A r a r y: r 2 ~ a > — > r 2 ~1. Thus, Hdf/Hpo < 
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d« u 



I CP' 



d(P(|z|)w 1 ( —)) q , and since |w 1 (w)| < C \w\ + 0(\w\ z ), the second term can be written as 



< 



\z\lnr a - 



< \\Cr 2 /z 2 + 0(r 4 /z 3 )\\^\lnr a -y 



d(«'(V)) 



-vi-l 



dw 1 



\c° 



<C\r 



2— 2a I 



(|lnr a -l'|" 1 + 1) 



The C° norm is bounded by the maximum of the bounds on each region: ||d!/|| c o < max(2C,C,C + o(l)) <2C 



for all r such that r 



,2-2a| 



(llnr^l^ + l) < 1. 



□ 



This lemma, together with lemma [2~T3l allows us to choose r arbitrarily small without changing the proximity 
of D J U , and D J U , . It is important to show that this proximity is valid for the whole family of curves considered. The 
property required of f is to be constant in a neighborhood of mo- Consequently let us define for R e]0, 1 [ and for 

k e 1 > 0, 

' Jo if |w| <R(l-R K ) 

J'(w) = { 'p(M)w if R(l-R K )< \w\ <R (10) 

J w if R < \w\ 



where 



x< R(l-R K ) 

if R(1-R K ) <x< R 
R <x 

Then \\J — J'\\ c o < 2 •/o|Ic°({|m/|<«}) — ^(R). Furthermore, since 



if 
hut-lnj^l -R K ) 

-ln(l-fl K ) 

1 if 



| V (^P(|w|)w)| < 

< 



(V7)p (W)vv |(l + |ln(l- J R K )r 1 ), 



it is possible to obtain a rough bound for \\JVJ — J'VJ'\\ LP , if we suppose that |[dw|| > d in Bp(0), so that the 
preimage by u of a small ball remains a small ball up to multiplication by a bounded factor. Let R 1 be such that 
B R i{mo) C\lmu h C u h (Bp(0)). In order to avoid cases where the map sends many subsets of CP 1 to Bgi(mo) (for 
instance, is non injective), it is possible to introduce almost complex structures that depend on a point of the 
domain; we shall not go into such details. Thus, the preimage of |w| < R(l — R K ) by u is dilated by at most k °< ^, 
whence 

\\^A\^(H<r { i-r<))) < -R K ) 2 Y /P , 
and similarly for the ring R(l —R K ) < \w\ < R, the bound is 



\JWJ-J'VJ'\ 



LP(«- 1 (R(l-« K )<|w|<R)) 



< pyj\\v 2 



ln(l -R K ) 



(kR 2+K (2-R K )) l / p . 



If R 2+K ( l — > (e.g. if K = and R — > 0), the operators associated to J and J' will be as close as needed. 

There remains to check that the assumption on the lower bound on the differential holds for u°,u l and u r . 
For u° and u l it follows from the fact that a and a 1 are not trivial. As for u r , it is a consequence of their linear 
independence over C: let /j = min 2 (|a° + | , \ a°z + a 1 1), then, on A rr a, du r = dw — ^du l has norm bounded 
from below by /j. The cutoff function p is not of importance since it is always multiplied by one of these linearly 
independent factors (in u h Vp or in $du h ). Thus if the first order terms in local expansions are dominant, the same 
bounds hold on A r a r y. In short, we have proved the following lemma. 

Lemma2.13. 3r5(a°, a 1 , V 2 u h ),d(a°, a 1 ) such that^z e {z\ \z\ < rs}, \du h (z)\ >d, andVr,z satisfying max(|z|, j )< 
r 5 , \Ai r (z)\ >d. 
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Recall that this lemma and remark [2.15| are the only place where the fact that the curves are not tangent at their 
intersection point is used. However, the use of this lemma is to get a bound on the size of the preimage of the 
region where the almost-complex structure J is modified. This bound can be obtained without this assumption, but 
remark lZ 15l would no longer hold. This section is summarized in the next proposition. 

Proposition 2.14. Let u° and u l be as in the assumptions of theorem ]! .3\ Let J' be the almost complex structure 
on M which is constant on a neighborhood B^mo) of mo defined in ( 1 1 Ob . Vm such that z£Bp^> |dw(z) | > d, 
3c 7 (\\du\\ L ~ , \\VJ\\ L ~ , \\JVJ\\ L ~ ,d) which makes the following true: ||£>^ -£>{ \\ < cjRP+^-pWp. 

In particular, the curves u°,u l , and all the u r (as defined in ©J/or r < r$ satisfy this condition, for the same 
constant c-j since their differential is uniformly bounded when r < min(rg, rj). 

In order to justify the assumption that / was constant in a neighborhood of mo made in jj2.3l it suffices to 
construct this J'. In the end, the inverse of D J U , obtained will be an approximate inverse to D J U , . The independence 
of J 1 with respect to r is crucial for this new structure to be usable. 

2.5 Realizing the sum 

This section presents the proof of theorem [Ol it is a matter of setting up the situation so that proposition ^. 2l can 
be applied. First, by assumption we are given two curves u° and u 1 whose tangents at are linearly independent 
(over C) and the linearized operators D{ t are surjective of bounded right inverses. Let p G]2,4[, let u r be the family 
of maps introduced in (EQ, with parameters a = § and y = I (as specified in remark |2~T0l i. Thanks to lemma [2?8l if 

r < r\ = e~ 6 

\\du r \\ LP < lld^H^ + lld^ll^+dr 2 /". 
On the other hand, when r < r2(V 2 « /! ,CV7), lemma |2~!9l states that 

\\M r \\ < c 2 r 1+e . 

Before we can invoke proposition ^. 21 we must show that there is a bounded (independently of r) tight inverse to 
D u i . Two uniform bounds (for r sufficiently small) are obtained by lemmas [2. 121 and l2 . 1 3 1 The first gives an upper 
bound to \du r \ when r < rg. The second gives a lower bound for the differentials when r < rj and r 2 / rj < \z\ < rj. 
Next, when R is small enough so that Br(oto) nck /! (B p (0)) = 0, the operators D J , D J i and D J U ,- are arbitrarily 
close (by choosing R arbitrarily small) from the one defined by the structure J' of ( fTOb - The difference between 
these operators is uniform for all choices of parameter r smaller than r^, rj and p. 

Thus, /y n and D J , have bounded right inverses and so do D J n and D 1 , . From these inverses we construct in 

section |231 and under the assumption that r < r^(s p ,SH,CA), an inverse to D^, -. The dependence of c\ on J' will not 
be fatal since a choice of a smaller r does not increase the difference between DL and D"f r . The bounded inverse 
of the second gives a bounded inverse for the first. 

Implicit function theorem can now be used by choosing = and u = u r . The result is the 7-holomorphic 
curve exp !( ^, where 

In particular, thanks to Sobolev embedding, the sup norm of \ is bounded, and consequently the difference between 
the holomorphic map obtained by perturbation of u r and u r itself will be of the order of r 1+E . 

Remark 2.15. Let £ G]0, l/3[, let < pi < P2 < ro(e), let hP l and h p2 be curves obtained by theorem \l.3\ i.e. by 
applying proposition \2.2\ to the maps m Pi and u p2 . Then, for a K £ IR, if pi < p2 (1 — Kp^) these two curves are at a 
positive Hausdorff distance. This is seen by looking at the strangling the approximated solutions have close to the 
gluing point. On one hand, theorem ]! .3\ states that the Hausdorff distance from h pi to m p ' is bounded by 0(p ; +E ). 
On the other hand, the distance from m Pi to u Pl is at least K'(p2 — Pi). 

Furthermore, the implicit function theorem (as in $9} Theorem A.3.3]) indicates that the dependence of h p on 
m p is continuous. Thus, there exists a po such that the h p for p < po realize all possible strangling. The strangling 
for a given p is however not precisely known. It would be tempting to make the gluing construction so that the 
resulting map has a fixed strangling, however the author could not find a well-behaved measure of strangling for 
a curve of class W ,p . 
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3 Chains of curves 



This section is concerned with gluing (under certain assumptions) an infinite number of 7-holomorphic curves 
in order to obtain a /-holomorphic cylinder. Although the method applies to general situations, we could content 
ourselves with the following setting. Assume three 7-holomorphic curves intersect at three points, then there is aJ- 
holomorphic cylinder that curls up around those curves. The main point of this section is to introduce a new norm, 
£°°(L P ), on the base space. This will enable to treat the infinite number of gluing as if only two were happening. 
As such, it is a preparatory step for the interpolation construction. 



3.1 Cylinder and f{LP) norms 

The way the infinite number of gluing will be made is of course important. Let £,■ = CP 1 be compact Riemann 
surfaces, let z, ; o and z; ;oo G E, be two marked points on each surface, and let u' : £,• — > M be /-holomorphic maps (for 
i G Z) such that V/ G Z, u'(zi-o) = w' -1 (3-1;°°)- Finally, let S = M x S l — C/Z be the 7-holomorphic cylinder. This 
section will construct a 7-holomorphic map uy" : S — > M which is arbitrarily close to the u', that is u' r '' restricted 
to 1] x S l is close to u' when sup{r,} — > 0. 

The space S — M x S l = C/Z will be given a peculiar metric so that each segment [/, i + 1] resembles a sphere 
with two discs removed (see if necessary figure in the version available on the author's website). Let (r,) G 
£°°(Z;IR > o). Let g/ r .\ be a family of metrics defined as follows. Let i G Z, then gr r .\ is the metric induced by the 
map Hi;r u r M which embeds + 1] x S 1 into the compact Riemann surface with the two discs B r; (zj ; o) and 
Br i+1 (Zi+1;°°) removed. 

The volume of such a surface is infinite. Thus, LP norms are not expected to behave nicely. However a slight 
alteration will do. Let us consider the sup of the LP norms on annuli around each circle {/} x S . Let V be a vector 
bundle over S (with a connection and a norm) and let \ : S — > V be a section, define 



ll^llr(Wl.P) = ™P H^IU^([n-|,n+f]xS 1 ) ' 



(ID 



These norms will retain all the properties we need and will allow to look at the problem only one gluing at a time. 
It has been pointed to the author that similar norms are used [ 1 1 1. A proof identical to that of lemma lZol allows us 
to deduce that Sobolev embedding holds with a constant which does not depend on the parameters r, (given they 
are sufficiently small). 

Lemma 3.1. Suppose tfe-fz/-o,a-oo) > cq. Given that su Pr/ < % there exists a constants' G K.>o such that 

<>■■= sup 

Proof. Each function can be decomposed as a sequence of functions on E,- = CP 1 with B rn (z n; o) and B r „ +1 (Zn+i;«>) 
removed. The estimates follow from the fact that a ball with the Fubini-Study metric and one (or a fixed finite 
number of discs) removed has a Sobolev constant that remains bounded as the radius of the discs tends to 0. See 
(91 for details. □ 



The main result that will allow us to conclude is an adaptation of proposition ^. 2l to these norms. 

Proposition 3.2. Let S be one of the 1 -dimensional non-compact complex manifolds described above. Let p > 2. 
Vco,3S > such that for all volume forms dvol s on S induced as above by the maps /U,- ;r . )ri+1 , all continuous 
map u such that du G £°°(LP)(Ts ,u*TM), all t, Q G r(W hp )(s , u*TM), and all Q u : r{LP){s\lS?> 1 ®ju*TM) -> 
t°(W l ' p )(s ,u*TM) satisfying 

s' p (dvol s ) < c Q , \\du\\^ {LP) < co, \\Me-(W^P) ^ h 

||8y(exp„(^))||^ (LP) < 4, D U Q U = 11, |je M jj < Co , 
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there exists a unique \ such that 

5/(exp„(£o + £)) =0. \\Z= + Z=o\\ n w^>) < 8, ll^llr^) < 2co||9/(exp M (^ ))||r(LP)' 

The proof will require the implicit function theorem in Banach spaces, as does the proof of proposition l2.2l it 
will be invoked again in section|4] 

The techniques are essentially the same as before, it suffices to insure that the curves u' and the points m, = 
m ! (z,;oo) = M i+1 (z;+i ; o) belong to a compact family, in other words that the parameters (e.g. the radius ro below 
which the constructions can be performed, the kernel of the operators D u i, ...) remain controlled. For example, if 
the u l are just a finite number of curves infinitely repeated, the family is compact. Surjectivity in the sense of |9] 
Theorem 10.1. 2. iii] is however much harder to get. Indeed, the kernel of the operators are (probably) no longer 
finite dimensional. 

Two types of constructions are possible at the points of intersection to,, one can glue either as in J9] or as in 
section |2] of the present text. They are quite similar, except that the second uses stronger assumptions (yielding a 
more precise result). Indeed, in order to get the second construction, a condition on the tangent plane of the curves 
at the point of intersection is required. 

Definition 3.3. Let /CZ, then the curves u' are I-unifonnly not tangent ( at their points of intersection to;) if\/i G /, 
there exist local charts \|/, : M — > C m such that = G C" and (\(/*7)(0) = Jq, 

\|/,-o(/[l : Z ] = a,>z+0(|z| 2 ) and \|/, o u i+l [z : 1] = a i+uo z + 0(\z\ 2 ) 

and 3d such that 

0<d< inf min(|A-a,-o + fli+i~| , |flio + ^- a i+i~|)- 

kec 

j=('o mod k 

If this condition holds at every intersection (i.e. / = Z), we will simply say that they are uniformly not tangent. 

The following results is in two parts, depending on the transversality assumption made. The weaker, more 
standard transversality assumption is defined in the next section. 

Theorem 3.4. Let J be an almost complex structure, and suppose it is regular in the sense of deiinition \3 .61 Let 
Zi-fl = [0 : 1] and z; ;0 o = [1 : 0] G = CP 1 . Let u' : — > M be a compact family of J holomorphic maps such 
that u l ([Q : 1]) = m' +1 ([1 : 0]). Then there exist C2 and rj_ G R>o such that for all sequences (ri)i e % satisfying 
''sup = SU P fj < r2, there exists a J -holomorphic map w- ri > such that the distance of u^- r '\s) to Uu'(Li) is less than 

C2Ti. More precisely, 

Vze/J^pi), d M (u^(z),u'(^ n , n+i (z)))<c 2 r sup . 

If the curves are I-uniformly transverse, then there exists r^ G M>o such that for all sequence (n)^ satisfying 

''sup = SU P''/ < 7"3 there exists a J -holomorphic map v^ r> ' such that V/ G /, 

ieZ 

2 

Vze (4>io/i 4w . m )- 1 {A ift Hh Vi°v(") ofaoHn^iz) =« i >z + «i+i ; o J ± 1 + 0(r s 1 + e ) 

.2 

and Vz G Vi+v,r i+un+2 { A r . +ur V\ (°)}> ¥i ° v in) ° fi+l;r i+l ,r i+2 (z) - a i+vfi z + fl,> + 0(r l s + e ) 

where A rut - 2 (zo) = B ri (zo) \B ri (zo), '"sup = SU P n and X)/,- : M — > C" is a local chart that maps mi to and such that 
«/)(()) =/ . 

Let us begin by the proof of proposition 13.21 It relies on (9l Theorem A. 3. 3]. It must be checked that the 
linearization of dj does not vary too much depending on the point at which it is taken. Viewing this as Newton's 
method, it is the same as requiring the second derivative to be bounded. The methods used here are thus essentially 
the same as in ||9l §3.5]. Amongst other things, this part of the argument works even if E, / CP 1 . 

We introduce notations again: 

X u =r{W Lp )(s,u*TM) and J u = r{L p ){s,^ 1 ®j u*TM). 

We are interested in the map f u : X u —5- %, which is given by pulling back by parallel transport to u the 1-form 
dj(exp^u). 
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Lemma 3.5. ( cf. [9, Proposition 3.5.3 ]) Let S be a manifold describe above, and let p > 2. Then for all constants 
co > there is a real number c\ > such that Mu G £°°(W ' P )(S ,M),V^ G £°°(W 1 ' P )(S ,u*TM) and for all metrics 
satisfying 

\\du\\t°(LP) ^ c O: ||^||^<co and s' p (dvol s ) < c , 

then 

w u &)-Du\\<cim ( ~ iW L P) . 

where the norm on the left-hand side is the norm of linear operators L(X u ,y u ). 

The proof of this lemma is identical to that of [9], up to the change of LP norms for t°{L p ) norms. 

Proof of proposition ^ .2\ {cf. [9 p. 69]) By assumption, D u has a bounded right inverse Q u (||2«|| < co). Let 
ci be the constant from lemma [331 and let 8 g]0, 1[ be such that ci8 < l/2co. Then lemma [331 insures that 
||dj„(^) —D u \\ < l/2co if H^ll < 8. The assumptions of the implicit function theorem [9, Proposition A. 3. 4] are 
consequently satisfied (with X = X u , Y = y u , f = J u , xq = 0, co = c and the same 8). □ 

3.2 Transversality and right inverse 

Before the theorem can be put to good use, it is better to check that the surjectivity of linearized operators holds 
in a reasonable class of spaces. Recall that <M *(A', £,■;/) is the space of 7-holomorphic maps E, — > M that are 
somewhere injective and represent the homology class A' in H 2 (M). 

Definition 3.6. Let V; G 1,A l G H 2 (M,Z), let £,■ be Riemann surfaces. The structure J will be said regular for 
(A')iez an d (Ej)jgz if J G C\i(ziJ re g(Y,i,A') and if the evaluation map: 

ev z : r(Z;!M*(A,S;J)) -4 f(Z;MxM) 

(u')iez i-> {u'(zi;oo),u' +l (zi+i-fi))i e z 

is transverse to A z = ^°°(Z; A) where A — {(m,m) C M X M}. The set of structures satisfying these conditions will 
be written J reg ((Zi) i£ z, (A') ie z) or more simply j? rei ,(E/,A ! ). 

Although from our point of view the almost complex structure is given, it is wise to show that structures that 
are regular are abundant. As the intersection of a countable number of dense open subsets is still a set of the second 
category, to show that j7 re . ? (E, ,A ! ) is of the second category only requires the study of devx- 

This would require an adaptation of theorem \9 , Theorem 6.3.1] (which insures transversality for curves glued 
according to a finite tree). Z can be seen as an infinite tree, and so the question can be asked in general for an 
infinite tree T of bounded degree. It might be tempting to proceed as follows: take an increasing sequence of finite 
subtrees of T, say {7/}. Thanks to theorem [9, Theorem 6.3.1] the set of structures for which the evaluation on 
the tree 7) is transversal is of the second category. The intersection of these sets should yield a set of the second 
category. 

In what follows we shall suppose that the structure / on M is regular in the sense of definition 13.61 This 
assumption is not so strong, especially since, in the cases of interest, the u l will be a periodic sequence of curves 
(i.e. 3n G Z>o such that u' = u> if ; = j'mod(n)). Thus the a priori infinite condition of definition l3.6l are actually 
finite. Let us assume that each curve u' G £W *(A ! ,E;;/) is such that devo (its evaluation at G = CP ) is 
surjective. In other words, for each curve it is possible to choose an infinitesimal perturbation (which is also J- 
holomorphic) in such a way that this perturbation displaces u'(0) in any chosen direction (note that we do not 
make any assumption on the effect of this perturbation at °° G CP 1 ). Then the evaluation is surjective. Indeed, if 
we are given a infinitesimal displacement at each point of the gluing, making it equal to the difference between the 
displacement of u'(°°) and of m !+1 (0) amounts to solve n equations knowing that in each equation we can fix the 
value of a term (the one coming from the displacement of u'(Q)). Since it is a finite system (by periodicity) it is 
solvable. Whence the surjectivity of evaluation. 

Finally, note that in CP" endowed with its usual structure, these assumptions hold (at least for some A') since 
between any two distinct points of CP" there is a line (or a conic). 
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Let's define the moduli space 

M*{A\'Li\J) = {(u% z G r(Z;flf *(A,j;J))|Vi G zy'(z i>0 ) = M ,+1 (z,- +1;0 )}. 

It is not excluded that the dimension of this space might be finite. For example, if almost all A' have a trivial first 
Chern class, it might happen that the dimension of the modular space is 2/i + 2£ci (A 1 ). In the present context, we 
will be interested in a subset of the moduli space when E, = CP 1 : 

M^iC) :=M*{A i ;J;C) := {(m 1 ') GiW*(A'',Ei = CP 1 ;./)|||cIm'||£°° <C,Vz G Z}. 



What matters is that transversality of definition 13 .61 implies surjectivity of the linearized operator even if it is 
restricted to vector fields who do not alter the intersection property. Recall that for u' : E, — > M, 

wy =W 1 ' p (L i ,u i *TM) 
L p u , = Z/(E ; , A 0J T*E,- ®j u'*TM). 

Given u' : E; — > M, such that m'(z,>) = u' +l (z,+i ; o), denote by 

Wtf := f ft')*6Z 6 x wj'T'fe-) = ^ +1 (z,- + i ; o) 



(The evaluation of W ' p sections makes sense since p > 2.) 

Lemma 3.7. Suppose J is regular in tht 
and evi is transverse, then the operator 



Lemma 3.7. Suppose J is regular in the sense of definition \3.6\ i.e. the operators D u i : W t ' p — > L p t are surjective 



is surjective. 

Proof. Let r|' S L^, (where / G Z). Each of the D l( , being surjective, there exist ^' 6 W such that Z)„/^' = 
Since the evaluation is transverse to the diagonal, choose 6 T M , !Af *(A';7) so that 

where ev% is the map defined in !3.6l m,- = u'(zi^) = u l+ (z/+i ; o) and AcMxMis the diagonal. Then — C');ez 
is an element of W i P whose image by D u z is also (v\ l )iez- d 



In order to use proposition l3.2l we have to describe an approximate solution and show that it has bounded right 
inverse. To do so, two choices are possible: either the method of [9, §10] or the one from section|2](if the curves 
u' are transversal at their point of intersection, so in particular dimuM > 4). The second is of interest since by 
remark 12.151 it could allow to prescribe different characteristics of curves (strangling), an idea that will be used 
again in section@] These two situations are dealt with in an identical fashion. The main point is to notice that in 
the constructions the approximate solutions differ from the initial curves only in a neighborhood of the points of 
intersection. Similarly, the approximate inverses only differ from a true inverse in those neighborhoods. 

Suppose that we are trying to use the construction of section|2] some problem might arise from the fact that a 
subsequence of {m,} may be arbitrarily close. Modifying the almost complex structure J would then be a problem. 
To avoid this, it is again necessary to introduce structures which depend on a point of the domain. We will not 
detail this argument. Furthermore, the construction used a reparametrization of one of the curves; we present what 
this means in the present context. 

Suppose we are in the case where n-o — [0 : 1] = and z, ;0 o = [1 : 0] = °o G E; = CP 1 . Let § r : CP 1 — > CP 1 be 
defined by = r 2 /z. Then, the condition of intersection is u' o§\ (0) = u' +l (0) = m,, and the local expansion 
in a chart \|/, • : M — > C" which sends ra; to and such that (\|/* J) (0) = i is 

\|/,o M !+1 [z : 1] =fl ;+1;0 z+O(|z| 2 ) and \(//om'[1 : z ] = V; o u' o fa [z : 1] = a ! >z + 0(|z| 2 ). 
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The ring A 4/3 2/3 corresponds on S to the z G [/,/+ 1] x5' such that §\ o^ r . r . +i (z) < r i+l and to the z G [/+ 1, / + 

r i+i' r r+i 

2] x 5 1 such that w + i ;ri+ur . +2 (z) < rfl\. 

The arguments used for the LP norm will be adapted without pain to the t°(LP) context: in this norm there 
is at most one gluing to consider at a time. It suffices to check that the curves u' and the points m, = m'(z, ;0 o) = 
(zj+i;o) belong to a compact family (e.g. a finite family). 

We now transpose the methods of jj2.3| to conclude. 

Proof of theorem \34\ With a small deformation the /-holomorphic curves u' can be modified into maps u r ' r '< n+l ; 
this deformation is identical to the one which changes u° into u°' r except it takes places at two points of CP 1 . Thus, 
the operators D u i, and their inverses, are close to D >;r ; ,r i+1 . The opertorD (( z also is also close (in the norm of linear 
maps £°°(W l,p ) — > £°°(L P )) to an operator fl where the D u i. n ,r i+[ take place of the D u ,. It is also surjective and 
their inverses are close. 

We describe the map : S — >■ M (we will write u — w- r '> for short in this paragraph) which will be an 
approximate solution, in the sense that ||5/m||^»(lp) is small, and that D u will have a bounded right inverse. It will 
be defined by composing the maps fii ;ri ,r i+ i '■ [h * + 1] x S 1 ~ ► £j with the maps u'- n ' r '+ l : E; — > M. Then a (0, 1 )-form, 
say T|, along u can be cut in pieces to give rise to r|' along each u l '' ri ' r '+ l (by extending by 0, that is in an analogous 
way as (Q where r|° and r\ l were obtained from r|). From these r\', the inverse of D z ; ( rj ) will give vector fields 
along the u'' n ' r, + 1 , say These vector fields can be glued by a surgery (which copies the definition of t, r in (0) 
to get a vector field Q- r >> along u. The computation made in (O still works out in an identical fashion at each point 
of intersection. By definition of the t°(L p ) norm, this construction produces an approximate inverse to D u . By the 
technique used in ©, a true bounded inverse is then found. This allows the use of proposition B .21 and finishes the 
proof. □ 

4 Interpolation and its consequences 

In this section, we give an example of a space of pseudo-holomorphic maps which is of positive mean dimension. 
As before the cylinder will be noted S = RxS' = C/Z. We will assume that the of curves u' is of finite type 
(periodic), in the sense that only a finite number of distinct maps are described as i runs over Z. The theorem |4TI 
could also be proven using the gluing introduced in (5). However, in order to prove proposition 14.41 and to apply 
lemma 1431 it is necessary to have approximate solutions which are injective (with a discrete set of exceptions). 
This is incompatible with an approximate solution which is constant on a whole ring. 

4.1 The interpolation theorem 

Apart from the interpolation itself, the results of theorem fTTI have now been covered. As we cannot unfortunately 
gain information from the parameters r,, we shall throughout this section take them to be all equal r\ =: r. We will 
also use the notation := /Ji- n rj+l . 

Let us recall all the assumptions we shall need. 

HI - For i £ Z, there exists £ Z>2 and 7-holomorphic curves u' : CP — > M with pi := = m !+1 (0) and 

u i+N = u l . 

H2 - The curves at pi are not tangent. (Necessary for the results of jj4. 3. H and 94.3.2b 
H3 - J is supposed regular in the sense of definition l3.6l and of class C 2 . 

H4 - One of the maps, say u J , will be assumed to live in a family that covers the neighborhood of some point 
(z* ) forz* G CP 1 (it is a "free curve"). 

This last assumption is more precisely stated as follows. For a fixed j G {l,2,...jV}, there exists a point 
z* G CP 1 and a family of W ' p vector fields along m 7 which belong to the kernel of D u j and such that the map 
defined by \ i-> exp u ,^ ^(z*) is surjective on a neighborhood of m* = u ] {z*). Thus, to x G T,„ t M we will associate 
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the vector field X x G kerD 1( / C W'^CP 1 , (« ; )*TM) such that Xr(z*) = x. In other words, we need to make the 
assumption that the differential of the map given by evaluation at z* is surjective on the kernel of D u j. 

Remark that this assumption is close to the transversality of the evaluation map in definition l3.6l Let evj+m 
be the evaluation at («') in z* when i = jmodN. To ask that 

D„z ®dev j+NZ : x -> ( x L P J) © ( x T„; +M( M) 

is surjective is, given that J is regular in the sense of definition ^. 61 equivalent to ask that the restriction of dev u j+Ni 
to the subspace kerZ) uJ +jv, be surjective. This condition is naturally expressed in the vocabulary of transversality. 
Indeed, if in the construction of section [3] it is required, in addition to the gluing between the curves in the chain, 
to glue another curve at a point z* {e.g. a constant curve), then regularity for this gluing scheme (which obtained 
from Z as a tree, by adding a leaf to the integers j + N"L) implies the surjectivity of dev u j+Ni \ kerD N , ■ This way 

of presenting our assumption indicates that it is not significantly stronger the one made in the preceding section, 
particularly for a finite family of curves. For example, it holds for a finite number of curves with appropriate 
intersection in CP" with its usual complex structure. 

Finally, in order to remain in the setting of a compact family of maps {«'}, it will be necessary to restrict to a 
sufficiently small ball B mt c T m M such that for all x 6 B nu the curves exp u jX x form a compact family. 

Theorem 4.1. Let (M,J) be an almost- complex manifold. Let m 1 , . . . 1 u N be a finite family ofJ-holomorphic curves 
u* : CP 1 — > M such that u l (°°) = u J (0) when j = i + 1 mod jV. Suppose that J is regular in the sense of definition \3 .6\ 
and that u' is deformable. Let z* G CP 1 \ {0, °°} be a marked point and let m* = u' (z* ) EM be its image. Suppose 
that the curves are uniformly transverse. There exists c and R £ R>0 such that for any sequence {r, } satisfying 
r sup = supr,- < R, the exists a neighborhood V,„ t of m* such that for all sequence of points {m^^i in V m there 
exists a J-holomorphic cylinder u: S — > M satisfying the following properties: 
Rl - u passes by the prescribed points, i.e. 

u(zk,») = m k , 

where Zk,* =Vj+Nk;r{z*), 

R2 - the behavior of u near the gluing points is as follows: 

2 

VzG ((j)i ofji. r )- l {A 2/3 H}, ^iOUo^ 1 o / Li i . r (z) =a, > Z + a;+i;O% i + 0(r s 1 + e ) 

2 

and \fzEpY+i- r { A .2/3(0)}, f/o«oj"i+i;r(z) =«/+i;0Z + «i> J ± 1 + O(r s 1 + E ) 

where A r[n (zo) = B r2 (zo)\B n (zq), and\\fi : M —t O" is a local chart that maps mi to and such that (\\f*J)(0) =Jq. 
R3 - u is close to the curves u' (orexp u jX if it is the deformable curve): 

Vz e nr) (E,), d M (u^(z)y(p,Az))) < c(rl+ e + 8,-) 
where 8; = duipik , »i* ) if i — j + kN and 8; = else. 

(The maps /j, ;r are the same as the one introduced in 33.11 ) 

4.2 Implicit function theorem again 

As before we are trying to find a solution to an equation containing a non linear term by an implicit function 
theorem. However, in addition to dju = 0, we have to satisfy a sequence of punctual constraints. As we shall see 
these will not have a significative impact on the arguments. In order to describe the situation, note Zk-* the marked 
points on the cylinder S (they will be chosen to be equal to Pj+Nt,r{z*) later on), and let ev* : 5W 5 — > £°°(Z;M) be 
the evaluation map at these points zt,*- Even if ev* takes value in M, we are in a situation where only the curve u 
and its perturbation by a vector field will intervene. 
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Since we need the vector fields to be of t° norm smaller than the injectivity radius so that the evaluation 
of exp H ^ makes sense, it is better to see the target space of ev* as a product of balls in the tangent plane. Let 

Tz-*M = x T u ( z . \M, the elements w G T%-*M will sometime be written as w = (w/Wz- 

ieZ v '•*' 

This understood, ev t defined in a neighborhood of u takes values in Tz-*M. This is actually a linear map if we 
look at the neighborhood of u as given by vector fields along u. The equations to solve are dju = and ev t u = w 
for some w G Tz-*M. This said, it remains to use the implicit function theorem [9, Proposition A. 3. 4]. 

Proposition 4.2. Let S be the cylinder and let p > 2. Vco,38 > such that for any volume form dvol s on S 
induced by the any continuous map u and such that du G t°{V)^\S ,u*TM), all G £°°(W l ' p )(S ,u*TM), and 
all T u : r(LP)(s,A° d ®ju*TM) ®T Z .*M f{W x > p ){s ,u*TM) ©T Z; *M satisfying 

s'p(dvol s ) < co, ||dw||«°°(L») < c , ||^o||^( W i./') < |, 

d u t u = i, ||7L|| <co, 

\\dj(exp u &o))\\t°(LP) < i- , \Mzk;*)-Wk\\r < ^ 
there exists a unique ^ such that 

<Mexp„(£o + ^)) =0, %o(zk;*)+Z,(zk;*)=Wk, \% + Mf[W^P) ^ 8 > 

\\Qe™(w^p) < 2co(||3/(exp H (^ ))||r(LP) + \Mzt,*) - w k \\ r )- 

Proof. We proceed in the same fashion as in the proof of theorem [3~2l Let c\ be the constant of lemma l3.5l and let 
8 G]0, l[be such that ci8 < l/2c . Then lemma [331 insures that |]djF„(i;) —D u \\ < l/2c when ||^|| < 8. The map 
ev* : U — > (T m ,M) z is defined for U C X u the open set of vector fields whose t° norm is less than the injectivity 
radius. With these notations, dev*(^) = dev*(0), and no estimate on the second derivative is required. 

The implicit function theorem of J5] Proposition A. 3. 4] will be used with the following notations: w is an 
element of (T,„ t M) z contained in the image of ev*, 

X = X U , Y = %®{T nu M) z , f=(!F u ,ev*-w), x Q = 0, c = c 

and with 8 the minimum of the 8 above and of the real number 8' such that ||^|| L =<. is less than the injectivity radius 
of de M. Note that df x — df xo is bounded by lemma [3~5l and as dev*(^) = dev.* (0). □ 

In order to prove theorem l4~Tl the approximate solution to / = must be made and the operator D u © ev* must 
be shown to have a bounded right inverse. Let us go back to D u z © evj + m- In section [3] it was important that, 
under the assumption of the regularity of J, the map D u z possesses a bounded right inverse (for the t°(L p ) and 
i°°(W ' p ) norms). Call this inverse Q u z. Let us show that this allows us to construct an inverse to D u z. ®deVj + N%. 

Lemma 4.3. IfD u z has a bounded right inverse and H4 holds, then a bounded inverse to D u % © dev ; - + ;vz exists. 

Proof. The assumption was designed so that, for the structure J given, dev Mj \ kelD is surjective on T u j, z \M. Thus 
there exists a map qj : T u ji z ^M — > keiD u j such that dev u j o qj = Id. This map is bounded since its domain is finite 

dimensional. Let us introduce (T„ lit M) z = x T u j+mr z \M. Recall that u J+Ni = m- 7 and m ; '(z*) = m*. Thus, the map 

/ez 

q : {T mt M) z -> kerD uJ+Ni 

which reproduce qj on each factor is bounded from \ ■ |) —> C°(W ,p ) where | • | denotes a norm on T u jr Zt \M and 
t°{\ ■ |) is the supremum of these norm on the product. Let r\ G w\ p and w G (T mt M) z , define T : L p z © (T mt M) z — > 

T(r[,w) = Q u zT[ + q(w-dev u j + NzQ u zr\). 
Since D u z q — Q, D u z T (r| , w) — r| and da> u j+m T (r| , w) = w. T is the required right inverse to D u z © dev u j+m . □ 
The following proof is a small modification of the proof of theorem [3~4l 
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Proof of theorem \4~T\ We start by describing the approximate solution it r, ( w *) : S — ► M. The points z*k w iU be 
chosen a posteriori as they will depend on the parameter r. This dependence could certainly be avoided by 
perturbing again the approximate solution, but this would require unnecessary estimates. As described at the end 
of section[3] u r '( Wk ' will be defined by composing the maps /j i;r : [2, i + 1] x S l — > E, with u v,r,T : E,- —tM if i ^ jmodN. 
When i = j + Nk, we will first deform u J by the vector field X w . in a map sxp u jX w , , before it is deformed into the 
a map u j;r ' r : T.j — > M (those are the small W l,p deformations defined similarly to u 0,r from u° in section 123b . 

The (0, 1 )-form r| along u will be split into r| ! along the u v ' r ' r by extending with where it is not defined. From 
these T|', we obtain the vector fields t,' along the u r,Kr thanks to the inverse of D Z;(r ; ) (Bdevj+m. The will have 
the property that D u i,,- r E,' = r| ! and that if i = j + Nk then t,'(z*) = 0. To obtain a vector field IZpfa) along u, it 
remains to glue these fields as in section 1231 and in the proof of theorem [3~4l Indeed, if r is sufficiently small so 
that the point z* will not be contained in the region where the gluing of the vector fields take place, this method 
gives a ^ r; ( w '*) which is at certain points, which means that the curve displaced by this vector field will take the 
prescribed value. 

The points Zk;* are determined only at this step. First, the r is chosen so as to satisfy the constraints mentioned 
so far but also so that theorem l3~4l applies. Then, we fix 

Zk;* = Hj+Nk;r( Z *)- 

Thus, ^ r; ( ,v *) [zt,* ) = 0. Furthermore, the computation of ([8]) remains identical. This construction is an exact inverse 
for ev*. It also an approximate inverse to D u (for the t°(L p ) norm) since r has been so chosen. Consequently, this 
is an approximate inverse for D u © ev*. The proper inverse is then obtained and proposition [4j2] applies to yield 
theoremgj] □ 

4.3 Non-triviality 

Theorem l4. 1 1 shows the existence of a family of pseudo-holomorphic maps which can be parametrized as follows. 
Note by : R>o X — > M s the map obtained by theorem l4Tl In a neighborhood V m of a point w* = m ; (z*) the 
map %s((wk)) '■ S —> M is characterized by the value it takes at zt,*- Note that since we took all the parameters r, 
to be equal, zt,* is the point zo-,* translated by iNk, This understood, for fixed r, the maps obtained by theorem l4Tl 
are characterized by irik = exp m Wk € V m . 

Recall that in this only in 34. 3. H and 34. 3. 21 that the linear independence of the tangent of the curves at inter- 
section points will be used. 

4.3.1 Distinct images. 

Another interesting property of this family of 7-holomorphic applications resides in the fact that, under appropriate 
assumptions, two curves obtained from have the same image only if they differ by an automorphism. 

Proposition 4.4. Let u' where i = 1. . . . ,N such that there exists ro and B„ u C T mt M such that Vr < ro and 
W € £°°{B mtt ) the number of points where u nw is not injective is finite. Then there exists r\ < ro andC G ]R>o such 
that for all r < r\ and all w\,W2 E (°°(B„ U ) such that \\u r,W[ — M r;W2 ||c<) < Cr\, if u\ = %r{w\) and U2 — Hr(w2) 
possess the same image then they differ by the precomposition of an automorphism. 

Proof. Introduce 

r = {(zi,z 2 ) CS XS\m(zi) = u 2 {zi)}. 

This is an analytic set (cf. iflOl Proposition 5 and its remark]), which is moreover complex, and, since the two curves 
have same image, of (complex) dimension 1. Note p(r) = 0(r l+£ ) the maximum of the C° distances between u nWk 
and Uk — %r(wk). Choose r\ so that B4 P ( r ) (u r ' Wk {£)) D u nWk (s ) be isomorphic to discs for all r <r\. Next, take C 
so that Cn <4p(n)-2p(r) (for example C = 2p(n)/n). Then, \\m(z) - u 2 {z)\\ c o <2p(r) + Cri <4p(rj). 

Let A C S x s be the diagonal and let U p A a p -neighborhood of the latter. Then T is close to A' = U zG z(A + 
z + iNZj where Z is the set of points where the u r,Wk are not injective and A + c is a short notation for the diagonal 
translated along one of its factors in the product (i.e. the set of pairs (z+e,z)). These choices made, T is contained 
in a neighborhood of these translated diagonals, Km^A'. 
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The map s : (zi,Z2) i-> (zi,Z2 — Zi) is an isomorphism of S xS on itself which sends the neighborhood U p A on 
S x Dp (where D p is the disc of radius p). Let 7C& : T — >■ 5 be the projections on each factors. Given that the curves 
have the same image, these maps are surjective. Thus, 7Ci °s(T) C 5 and 7C2 °*(r) C D p . Let To be a connected 
component of T; this is a closed analytic complex set of dimension 1. So is s(Tq) which is contained in S x D^ r y 
This analytic set lifts to a subset of C x D^ r y Describing this set by equations with holomorphic coefficients, 
one sees that the coefficient must be constant. Consequently this is a line. Thus, Fq is contained in a translate of 
the diagonal; in other words for z\ £ 7t] (To), u\(z\) = U2(z\ +c). As 7Ci (To) is S (note that by the uniqueness of 
the extension of /-holomorphic maps, it would suffice to have it non empty), this means that u\ (z) = u% (z + c) . □ 

There is a natural action of C on the maps S — > M which is given by translation at the source. For a fixed r (less 
than the r\ above), identifying all the curves given by theorem l4~Tl which have the same image will not reduce the 
dimension significantly. 

Indeed, let / : 9A S — > <£ (M) be defined by taking the image of curve, l(u) — u(s). C acts by reparametrization 
on Hr(w); this leads us to look at the quotient %j-(£°°(Z;B lnt )) /C. Proposition 14.41 insures us that / is locally 
injective on the quotient. 

In order to construct a family of curve with different images, it might also be possible to proceed differently. 
For example, in the case a single gluing, remark 12.151 indicates that letting the parameter vary gives curves of 
different images. It would then be tempting to use all the parameters r, not to be equal to the same value r, and 
use this characteristic in order to deduce the maps have different images. However, it is not possible to obtain this 
result directly from the implicit function theorem. Indeed, if at a point the parameter is r,-, the true solution obtained 
by proposition [52] is a perturbation in the £°°(W ,p ) norm of the order of su Pr,-. It is also difficult to introduce a 

measure of the strangling which can be defined on a curve u which is of class W ' p . For these reasons, evaluation 
at a point have been used. 

4.3.2 Simple maps. 

Before we look at curves obtained by ^ which possess the same image, we make a digression to show that a careful 
choice of parameters allows us to show that the map u does not factorize by a quotient of the cylinder. Recall that 
u nw is the approximate solution constructed in order to obtain ^(w). The map u'"'° is periodic, in the sense that it 
factorizes as u n0 : S -» S /iNZ — > M. 

Lemma 4.5. Letn: S — >• S jiZbe the quotient to the torus. Let u: S — > M be a pseudo-holomorphic map sufficiently 
C° close to a map uq : 5 — > M such that uo — u' on and u' is injective. Let <]) : S —> s' and u' : S 1 — ► M be such that 
u = u' o (j). Then is periodic: = 02 01 where 0i is the quotient of the cylinder by a discrete subgroup (without 
fixed points) of the automorphisms of S. 

Proof. Let w <E s' then 0~' (w) C P w '■= u~ l (u'(w)). Since u' is injective, P w is contained in a ball and its translates. 
Let B n C S /iL such that B w : = n n(B p (z)) where p = 1 1 u — uq 1 1 c o and k: S — > S / z'Z is the proj ection on the torus . 

In particular, 0~' (w) C Jt _1 (B w ). 

We wish to show that is periodic. In order to avoid an accumulation, the number of elements of _1 (w) in a 
component of B w has to be bounded. Let 

Ixjc = i]x-k-^,x+k+l[xR/Z, 

where x £ R and k £ Z>o, a piece of the cylinder containing 2^+1 connected components of 7t~' (B w ). We wish 
to construct a /-holomorphic map which associates to w £ s' the mean of its preimages. 

In order to do so, let us first describe this for a proper and non-constant holomorphic function f:U —IS 1 where 
U C 5. A problem might occur at critical points of /. However, locally is f(z) — a c [Z d + 0(z d+l ), there exists a 
function g such that / =g d andg'(O) 7^ 0. In particular, g is invertible. Furthermore, f(z) = w^g(z) £ {x\x d = w}. 

Thus, if h(z) = L a jZ 3 is a polynomial and g~ l (x)i = Y.k>obj kx k the local expansion of g, the sum of the values 

;>o 
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of h on the preimages of w will be written as 



E h(z) 



E h(z) 



E W 



zef-Hw) 



z.eg-^w 1 !' 1 ) 



, G g-l( H .i/rf);>0 



E fl ;E E */.*** 



j>0 k>O x£w l/d 



j>0k>0 



and is a holomorphic function of w. 

In the case of interest to us, when is restricted to I r k, the function which takes the sum of the preimages is 
well-defined. Let F x -k(w) = 0L 1 (w). Let \|/ v;/ t : 5' — >• 5/z'Z be the sequence of function given by 



In a neighborhood of w these function are holomorphic. However they present some discontinuities when moving 
w makes point of the preimage _1 (w) leave or enter I x -k- In particular, \|/ w ^ is holomorphic in a neighborhood of 
w whose size is bounded from below (by the distance from B n to the boundary of I K k). Furthermore, Since the \|/ x;/ t 
are holomorphic outside these jumps, it is possible to extract convergent subsequences for each x. Note that the 
size of these discontinuities is bounded by K\/k for some K\ G R>o. This bound enables to get that, for all k, 



We start by choosing a sequence of points {w;} of 5' which is dense (but as the \)f w $ do not present jumps near 
w, it would suffice to take a sufficiently small net). Next choose a subsequence {«[ } for which \\f Wlt k converges. 
Then this subsequence {«[''} is refined again in another subsequence {n[' +1 '} which makes \\t $ converge. The 

sequence {/U } will make all the \|/ w , ; „ converge to holomorphic functions. Furthermore, the difference between 
the jumps tends to 0, thus the limit of these sequence will not depend on the point w, chosen. Denote this limit by 
\|/; this is the desired averaging function. 

The map \|/ o : 5 — > 5 jiL has the property that o 0(z) — 7t(z) | < p since the two points belong to B w . If p is 
less than the injectivity radius of S , this enables to define a function f(z) = V|/o 0(z) — n(z) <E C which extends to 
X and is bounded. Consequently, 3c 6 C such that \\t o (j)(z) = z + c in S /iL. In particular, is a covering map. 

Hence the map factors through a quotient of C by a discrete subgroup without fixed points of the automor- 
phism group of C. This subgroup necessarily contains translations, and thus, contains only translations. Since the 
fundamental group of S is abelian, this is the quotient by some group action. □ 

The most restrictive assumption is the fact that u' is injective. This means that the pseudo-holomorphic curves 
u k must not have any other intersection (or self-intersection) apart from the ones required to make the gluing. 

Indeed, by taking B„, t smaller if necessary, lemma |431 can then be applied to curves obtained by 'J{_. Suppose 
that u — Hr(w) can be written u = u' o 0, where 0:5 — > S 1 is a quotient map by a discrete subgroup without fixed 
points. 

These subgroups of the automorphisms of S = C/Z possess at most a finite generator (of the form l/n where 
n G Z) and an infinite generator (if it possesses an imaginary part). This is seen by looking at the corresponding 
discrete subgroup without fixed point of automorphisms of C, i.e. which is a lattice of rank 1 or 2. 

Thus, if is the quotient by an infinite subgroup, then there exists c e C \ M such that u(z + c) = u(z). Let 
71 : C ^> C/(Z©i7VZ), for all 8 there exists an integer n c (8) such that n(n c (S)cj < 8. In other words, if u is periodic, 
the Wk must be almost periodic: wk — Wk+n c < P + 0(8) (where p = <9(r 1+e ) is the distance from u = %r\iwk)) to 
the approximate solution u r '( w ^). For r is sufficiently small and one of the Wk is apart from the others, u will not 



Suppose now that is a finite quotient map. Consider a segment 4 = i[k,k+ 1] x M/Z where u is close to 
the map u . u is again periodic, but this time in the sense that there exists eel such that u(z + c) = u(z). Note 
that Hk;r(z) 1— > Hk;r(z + c) will correspond to an automorphism 0' of CP 1 which fixes and 00. Hence u k o 0'(z) — 



Vx;k-V x i;k\ <K 2 




be periodic. 
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u k {z) < p for z G /Jk;r(h)- Consequently if one of the curves u k is simple and its image is not contained in a small 
neighborhood, that is of size 0(p) = 0(r +E ). Thus if a curve is of positive energy, this situation cannot happen. 

Recall that a map u : E — > M is said simple if when u = u' o where (j) : E — > £' and «' : E' — >• M then is a 
degree 1 covering map of Riemann surfaces (an automorphism). The previous discussion can be summarized as 
follows. 

Corollary 4.6. If for a k G { 1 , . . . ,N}, u k is a simple curve of positive energy, there exists a ball B„ lt and a ro such 
that for all r < ro and for all w G £°°(Z;B mji ) of which a coordinate is at distance at least ^DiamB,,,,, from the 
others, u — ^(w) is a simple map from S to M. 

4.3.3 Mean dimension 

The map 3^ given by theorem l4"Tl will have a infinite dimensional space of maps as its image and mean dimension 
(as introduced in |6| is a natural way to measure the size of this image. Mean dimension is a topological dynamical 
invariant, and here the group of automorphisms of S (which can be identified with S itself) acts naturally on Im ) 
by reparametrization at the source. 

Let 9A S be the space of pseudo-holomorphic maps S — > M, and M s , c be the subspace of those whose differential 
is bounded (in C° norm) by c. To speak of mean dimension we need to ensure that the metric used makes the space 
compact. Thus we will use the topology of uniform convergence on compacts. For u,u' : S —*M, we will use the 
distance 

d(u,u')= SU P 2~* sup d M (u(z),u'(z)) (12) 

keZ >0 ze[-k.k]xS l 

which induces an equivalent topology. 

To a sequence {wk} of vectors in a small ball B„ u around T„ U M we can associate a pseudo-holomorphic 
cylinder. The distance (fT2l i between curves associated to {w^} and {w' k } is bounded from below by 

d'{w,w') = SU P 2-\ k \ \\w k -w' k \\ . 

If on the metric d' above is used, ^ : Bf n — > M s does not reduces the distances. Furthermore, Z acts on B^L by 
shifting and this action is (up to some identification) equivariant if iNTL is seen as a subgroup of the automorphisms 
of the cylinder (by translation). More precisely, since deformations only happen on the curve m-' amongst the 
curves which form the chain, the shift of an integer in B\ will correspond to the translation by iN on the cylinder 

(here5=C/Z). 

The mean dimension of (T„ Iit M) z for the topology induced by d' (this is the product topology) and the action 
of Z is dimT mit M = dimM (see [6|). Taking into account the covolume of iNZ, yields the following corollary. 

Corollary 4.7. If there exists an almost complex structure J and a family of curves u k satisfying the assumptions 
of theorem 14. 1 1 and ||di/|| c0 < c, then the mean dimension of M s 2c for the action of the automorphism group of 
the cylinder is at least dimM /N > 0. 

There are at least two other ways to obtain a large family of maps. First, suppose there exists a pseudo- 
holomorphic u : CP 1 ->Mor«':5 — » M. Then one can precompose u or u' by holomorphic maps S — > CP 1 or 
S — > S ■ This would suffice to generate a family of pseudo-holomorphic which is sufficiently big. However, they 
would all have their image contained in the image of u or u' . Note however that this quantity is finite if we restrict 
to maps of bounded derivative, and that the image of these maps (as subsets of M) is actually rather small. 

Furthermore, we could be tempted to use directly theorem [3 .41 To do so, suppose there are /-holomorphic 
maps u' : CP 1 — > M where i = 1,...,N such that u' has a point of intersection with m ; if j = i ± 1 modAf. Being 
finite, this family gives rise to {m'},gz which satisfies the assumption of theorem [3.41 by defining u k = u' when 
k = imodN (theorem 13.41 will again be used on such a finite family of curves). Before gluing those curves {u 1 } 
in a cylinder, it is however possible to precompose them by an automorphism fixing the two points which links u' 
to its neighbor in the chain, m' _1 and u' +1 . Let 0, be these automorphisms fixing zto and z, ;oo , the maps {u' o 0,} 
are another family of maps satisfying the assumption of theorem [3~4l By taking all possible 0, this will give rise 
to a family of positive mean dimension (and with bounded differential). It is unfortunately hard to show that the 
members of this family have distinct images. 
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Thus what theorem 14.11 achieves by corollary 14.71 is to produces family of cylinders (independently of their 
parametrization) inside the manifold whose mean dimension is positive. 
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